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Supersymmetric (SUSY) gauge theories such as the Minimal Supersymmetric Standard Model
play a fundamental role in modern particle physics, but have not been verified so far in nature.
Here, we show that a SUSY gauge theory with dynamical gauge bosons and fermionic gauginos
emerges naturally at the pair-density-wave (PDW) quantum phase transition on the surface of
a correlated topological insulator (TI) hosting three Dirac cones, such as the topological Kondo
insulator SmB6. At the quantum tricritical point between the surface Dirac semimetal and nematic
PDW phases, three massless bosonic Cooper pair fields emerge as the superpartners of three massless
surface Dirac fermions. The resulting low-energy effective theory is the supersymmetric XYZ model,
which is dual by mirror symmetry to N=2 supersymmetric quantum electrodynamics (SQED) in
2+1 dimensions, providing a first example of emergent supersymmetric gauge theory in condensed
matter systems. Supersymmetry allows us to determine exactly certain critical exponents and the
optical conductivity of the surface states at the strongly coupled tricritical point, which may be
measured in future experiments.
Spacetime supersymmetry was introduced more than
forty years ago as a means to resolve fundamental issues
in particle physics such as the hierarchy problem [1–4],
but has not been discovered yet. Amazingly, many beau-
tiful theories originating in high-energy physics may be
realized and tested in condensed matter systems; for in-
stance, 3D Weyl fermions [5–7] were discovered recently
in solid state materials [8–12]. One may wonder whether
SUSY can be realized in quantum materials. Indeed, it
was proposed that SUSY can emerge at quantum crit-
icality in Bose-Fermi lattice models [13, 14] and at the
boundary of topological materials [15–18], as well as at
multicritical points in low-dimensional systems [19–21].
It was further shown in Ref. [22] that SUSY in 3+1D
can emerge at superconducting quantum critical points
in ideal Weyl semimetals [23, 24].
However, all known examples only realize the simplest
type of emergent SUSY: the Wess-Zumino theory [3],
which contains a single SUSY multiplet of matter fields
(one scalar and one fermion). It is highly desirable to
know whether richer types of SUSY can emerge in con-
densed matter systems, such as theories with dynami-
cal gauge fields. Here, we theoretically show that the
nematic PDW tricritical point on the surface of a cor-
related TI [25, 26] with three Dirac cones can realize
a SUSY gauge theory. At this tricritical point, three
Dirac fermions and three complex bosons form mutual
superpartners and are described by the so-called XYZ
model [27], which is dual by mirror symmetry to N=2
SQED [28–30].
An ideal candidate correlated TI to possibly realize
this new type of SUSY is SmB6, which is proposed to
be a topological Kondo insulator [31, 32] with three de-
generate Dirac cones on its (111) surface protected by
time-reversal and crystal symmetries [33, 34]. (Another
candidate with similar properties is YbB6 [35].) Exper-
iments on surface electronic structure [36–38], transport
properties [39, 40], and quantum oscillations [41, 42] in
SmB6 all indicate conducting surface Dirac cones but an
insulating bulk. To realize three complex bosons as su-
perpartners of the three surface Dirac fermions, we con-
sider the surface quantum phase transition into a PDW
phase with three complex order parameters.
From the effective theory describing the PDW tran-
sition on the TI surface hosting three Dirac cones, we
analyze the possible phases of the model at the mean-
field level and find two PDW phases distinguished by the
lattice rotational symmetry. In the nematic PDW phase,
FIG. 1. (a) Hexagonal surface Brillouin zone of a TI with
three Dirac cones ψ1, ψ2, and ψ3, like in SmB6. The three
intervalley PDW order parameters are labeled by φ1, φ2, and
φ3, which can be rotated into Dirac fermions by a SUSY
transformation at the nematic PDW tricritical point. (b)
Schematic quantum phase diagram. U1, U2 represent com-
binations of the couplings r, u, u′, u′′ in the Landau-Ginzburg
theory (3). Solid (dashed) lines represent second- (first-) order
transitions. The red circle represents the tricritical point be-
tween the Dirac SM and nematic PDW phases, where SUSY
of the XYZ/SQED type emerges.
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2which breaks rotational symmetry spontaneously, there
is a tricritical point separating first- and second-order
PDW phase transitions. A renormalization group (RG)
analysis reveals that the SUSY XYZ model, and thus
N = 2 SQED, emerges at this tricritical point. To the
best of our knowledge, this is the first example of emer-
gent SQED in quantum materials. We calculate certain
critical exponents and the optical conductivity of the sur-
face states exactly, which may be tested in future exper-
iments on correlated TIs with PDW transitions.
Effective field theory: The hexagonal surface Bril-
louin zone (BZ) of a TI with C3 symmetry (e.g., Bi2Se3
and SmB6) contains four time-reversal invariant (TRI)
points: the Γ¯ point, and three M¯ points related by sym-
metry [Fig. 1(a)]. There are two different types of surface
states: a single Dirac cone at the Γ¯ point, like on the (001)
surface of Bi2Te3 and Bi2Se3 [25, 26], or three Dirac cones
at the M¯ points, like on the (111) surface of SmB6 [33, 34]
and YbB6 [35]. Here we consider the latter case. We fur-
ther impose the reflection symmetryMx (x→−x) which
is respected in SmB6. As a result, the TI surface has C3v
symmetry. The three Dirac fermions located at these
TRI points are denoted by ψ1,2,3 [Fig. 1(a)]. The little
group for ψ1 is generated by time reversal T and reflec-
tion Mx. The low-energy theory of the surface Dirac
semimetal (DSM) is dictated by symmetry and given by
Lf =
3∑
i=1
ψ†i (∂τ + h
f
i )ψi, (1)
where τ is imaginary time and hf1 = −iσyvx∂x+ iσxvy∂y
is a Dirac-like Hamiltonian with vi the fermion velocities
and σi the Pauli spin matrices; hf2 and h
f
3 are obtained
from hf1 by rotations [43]. Though there is no symme-
try to enforce vx = vy, velocity isotropy emerges at the
PDW transitions discussed below. We assume that the
chemical potential is exactly at the Dirac points, namely
at stoichiometry. By contrast with the (111) surface con-
sidered here, on the (001) surface of SmB6 the three Dirac
points are not at equal energy [44].
We consider the system near PDW criticality, where
pairing is between different cones and the PDW order
parameters are, e.g., φ1 ∝ ψ2σyψ3 [Fig. 1(a)]. PDW
ordering possesses finite momentum but does not spon-
taneously break time-reversal symmetry [45–49]. The
quantum Landau-Ginzburg Lagrangian for the PDW or-
der parameters is constrained by symmetry and reads [43]
Lb =
3∑
i=1
φ∗i (−∂2τ + hbi )φi + Vb, (2)
Vb = r
3∑
i=1
|φi|2 + u(|φ1|2|φ2|2 + c.p.)
+u′
[
(φ∗21 φ
2
2 + h.c.) + c.p.
]
+ u′′
3∑
i=1
|φi|4, (3)
where r, u, u′, u′′ are phenomenological constants, c.p.
denotes cyclic permutations, and hb2, h
b
3 can be obtained
from hb1 = −c2x∂2x − c2y∂2y by rotations. Terms linear
in spatial derivatives are forbidden due to time-reversal
symmetry (we also implicitly assumed particle-hole sym-
metry to rule out terms linear in time derivative), and
higher order terms omitted in Lb are irrelevant in the RG
sense. Boson and fermion velocities are initially different,
but flow to a common value in the infrared as discussed
later in the text. We hereafter assume u′ < 0 since the
Josephson coupling between different condensates nor-
mally minimizes their superconducting phase difference.
Moreover, the Dirac fermions and PDW order parameter
fluctuations are coupled:
Lbf = g(φ1ψ2σyψ3 + c.p.) + h.c., (4)
where g is a coupling constant.
Mean-field analysis: To facilitate the analysis of the
possible PDW phases at the mean-field level, we rewrite
the boson potential as
Vb = u
′′
(
3∑
i=1
|φi|2
)2
+(u−2u′′)(|φ1|2|φ2|2+c.p.), (5)
where we have implicitly absorbed the u′ term into the u
term (i.e., u+2u′→u) because the phase differences be-
tween different condensates (Leggett modes) are gapped
in the ordered phase [50]. For now, we neglect the Dirac
fermions in the lowest order approximation. The sign
of the second (anisotropic) term in Eq. (5) is crucial to
determine which PDW ground state is preferred. In the
PDW ordered phases, the mass term is negative r < 0.
When u− 2u′′ < 0 and u + u′′ > 0, the anisotropic
term in the potential favors the ordering |φi|=
√
|r|
2(u+u′′)
and φ1 = φ2 = φ3, which we denote the isotropic PDW
(IPDW) phase because it preserves the crystalline C3v
symmetry. In the IPDW phase, all three surface Dirac
fermions are gapped by pairing. On the other hand,
u−2u′′ > 0 and u′′ > 0 favors a qualitatively different
type of PDW ordering: only one component condenses
with |φi|=
√
|r|
2u′′ while the other two φj 6=i vanish. We
call this phase the nematic PDW (NPDW) because it
breaks C3v spontaneously. There is no secondary charge-
density-wave order formed in the NPDW phase. In the
NPDW phase, only two Dirac points are gapped and one
remains massless. For the special case u= 2u′′, the the-
ory describes a bicritical point where the DSM-IPDW
and DSM-NPDW phase boundaries meet [Fig. 1(b)].
In the analysis above, we have implicitly assumed that
the transition between the DSM and PDW phases is con-
tinuous. However, it is always possible for a transition to
be discontinuous. We thus also consider the possibility
of first-order PDW transitions as well as tricritical points
between the first- and second-order transitions. The
transition into the nematic PDW phase (i.e., u−2u′′>0)
3should be first-order when u′′<0, in which case a sixth-
order term like w(
∑3
i=1 |φi|2)3 with w > 0 should be
added to Vb to stabilize the free energy. u
′′=0 is thus a
tricritical point between the continuous (u′′>0) and first-
order (u′′ < 0) transitions into the nematic PDW phase
[Fig. 1(b)]. Similarly, u + u′′ = 0 describes a tricritical
point between the continuous transition (u+u′′>0) and
the first-order transition (u′′ + u < 0) into the isotropic
PDW phase.
We have identified three multicritical points through
the mean-field analysis above: one bicritical, and two
tricritical. In the remainder of the paper we analyze the
emergent low-energy, long-wavelength properties at these
multicritical points. Remarkably, the tricritical point
into the nematic PDW phase features an emergent SUSY
of the XYZ/SQED type, as discussed below.
Effective theory of the bicritical point: We
first explore universal properties of the continuous DSM-
PDW transition (i.e., r= 0) via a one-loop RG analysis
in 4−  spacetime dimensions (the physical dimension
corresponds to  = 1) [43]. At this transition, we find
that the anisotropy in fermion and boson velocities van-
ishes, i.e., cx = cy ≡ c and vx = vy ≡ v at low energies
and long distances. Moreover, they flow to a common
value c= v in the infrared such that Lorentz symmetry
emerges at the continuous PDW transition, no matter
whether the PDW phase is isotropic or nematic. Even
though emergent Lorentz symmetry was previously ob-
served at various quantum critical points involving Dirac
fermions [22, 51–54], it is more exotic here because it in-
volves an odd number of Dirac cones on the surface of a
correlated TI. This emergent Lorentz symmetry allows us
to set c= v= 1 in discussing the PDW quantum critical
points.
From the RG equations for the coupling constants
g, u, u′, u′′,
dg2
dl
= g2 − 3pi
2
g4,
du
dl
= u− pig2u+ pig4 − pi
2
(3u2 + 16u′2 + 8uu′′),
du′
dl
= u′ − pig2u′ − pi(u′2 + 2uu′ + 2u′u′′),
du′′
dl
= u′′ − pig2u′′ + pi
2
g4 − pi
2
(u2 + 4u′2 + 10u′′2),
we find a unique stable fixed point at g2st =
2
3pi , u
′
st = 0,
and ust =2u
′′
st =
1+
√
57
21pi , where the subscript “st” means
“stable”. At this stable fixed point, the boson poten-
tial becomes Vb = u
′′
st(
∑3
i=1 |φi|2)2 and has an emergent
SO(6) symmetry. However, the full theory only has the
reduced U(1)× C3v symmetry due to the finite fermion-
boson coupling gst.
Based on our earlier analysis, the fixed point with
ust−2u′′st=0 corresponds to a bicritical point where three
phases (DSM, IPDW, and NPDW) meet. However, this
multicritical point is a novel one as it has only one rele-
vant direction (the mass term r). The term proportional
to u−2u′′ in Eq. (5) is dangerously irrelevant and ground
states on the ordered side crucially depend on its sign.
Emergent XYZ/SQED at the NPDW tricrit-
ical point: Besides the stable fixed point discussed
above, the RG equations also support another (unsta-
ble) fixed point at g2susy = ususy =
2
3pi  and u
′
susy =
u′′susy = 0. The fixed point action is invariant under the
SUSY transformations δφi=
√
2ξψi, δψ1= i
√
2σµξ¯∂µφ1+
g
√
2ξφ2φ3, and δψ2,3 are obtained by permutations of
δψ1, where the infinitesimal transformation parameters
ξ, ξ¯ are Grassmann-valued two-component spinors, and
σ0=−I with I the identity matrix.
Remarkably, this fixed point is described by a new type
of SUSY qualitatively different from all previously pre-
dicted in condensed matter. The bosonic PDW fields
φi and Dirac fermions ψi combine into three chiral su-
perfields Φi = φi+
√
2θασyαβψ
β
i + ..., i = 1, 2, 3, where θ
is a Grassmann-valued two-component spinor and α, β
are (pesudo-)spin indices. Intravalley pairing would have
resulted in three decoupled copies of the N = 2 Wess-
Zumino theory with superpotential Φ3i studied previ-
ously [13–17, 22]. By contrast, in the intervalley pairing
scenario considered here the three valleys are strongly
coupled via the superpotential Φ1Φ2Φ3 [43], and the re-
sulting theory is known as the XYZ model. It flows in the
infrared to a strongly coupled fixed point, which is dual
via mirror symmetry—a SUSY version of the Peskin-
Dasgupta-Halperin or particle-vortex duality [55–57]—
to the infrared fixed point of N = 2 SQED [28–30]. The
latter is a theory of a vector superfield V and two chi-
ral superfields Q, Q˜, playing the role of gauge field and
matter field in the “vortex” theory, respectively. In ad-
dition to an emergent bosonic gauge field Aµ, the vector
superfield V also contains a fermionic gaugino λ.
We now show that the XYZ/SQED fixed point with
u′ = u′′ = 0 and u > 0 corresponds to the tricritical
point that separates the continuous and first-order tran-
sitions into the nematic PDW phase. Linearizing the RG
equations for g, u, u′, u′′ near the SUSY fixed point, we
can determine the eigenoperators at this fixed point and
their eigenvalues, which are (− 73 ,−1,−1,1). The positive
eigenvalue indicates that there is one relevant direction
(besides the relevant direction of r). Consequently, the
XYZ/SQED fixed point is unstable. This is consistent
with our mean-field analysis of the tricritical point on
the transition boundary between the DSM and NPDW
phases, which is reached by tuning two parameters.
The emergence at the NPDW tricritical point of the
XYZ SUSY, which is dual to SQED, may be intuitively
understood as follows. Heuristically, for a fermionic
quantum critical point with the same number of Dirac
fermions and complex order parameters to be possibly
supersymmetric, one necessary condition is that the cou-
pling among different bosonic order parameters should
4avoid flowing to infinity (namely it should not be rele-
vant), otherwise the number of remaining effective gap-
less bosonic modes would be less than the number of
fermionic ones. The nematic PDW breaks the U(1) gauge
symmetry, as well as the lattice C3 symmetry which is
effectively a U(1) symmetry at criticality due to the ir-
relevance of anisotropic terms. From a symmetry point
of view, it is thus natural to expect two gapless com-
plex bosonic modes at a generic NPDW quantum critical
point. However, the low-energy theory has three gapless
Dirac fermions. To have a chance of being supersym-
metric, the quantum phase transition must be tuned to
a multicritical point such that a third complex bosonic
mode remains gapless. Here this multicritical point is the
NPDW tricritical point.
Like the Wess-Zumino model, the XYZ model enjoys
an R-symmetry [1, 28]. The R-charge of the superpo-
tential Φ1Φ2Φ3 should be 2, i.e.,
∑3
i=1R(Φi)=2, where
R(Φi) denotes the R-charge of the superfield Φi. The as-
signment of R-charge for the superfield Φi is simple owing
to the rotational symmetry in our case: they should be
equal, R(Φi)= 23 . For a chiral superfield, scaling dimen-
sion is exactly equal to the R-charge [28, 58] in 2+1 di-
mensions. We thus obtain the exact scaling dimensions
of the bosonic order parameter fluctuations and Dirac
fermions as ∆φ =
2
3 and ∆ψ = ∆φ+
1
2 =
7
6 , respectively.
Setting =1, our one-loop RG result ∆φ=
1
2 +

6 =
2
3 for
the boson scaling dimension is consistent with the exact
result. Accordingly, the order parameter anomalous di-
mension or critical exponent η is 13 . On the other hand,
the correlation length exponent ν is related to the scaling
dimension of nonchiral fields |φi|2, and cannot be simply
related to the R-charge. We obtain ν= 12 +

4 +O(2) at
the one-loop level [43].
Experimental signatures of SUSY at the
NPDW tricritical point: Owing to the strong con-
straints imposed by N = 2 superconformal symmetry at
the XYZ/SQED fixed point, several dynamical properties
can be obtained exactly [59, 60] despite the presence of
strong interactions at this fixed point. According to lin-
ear response theory, the optical conductivity at frequency
ω is given by the current-current correlation function,
σ(ω) =
e2
~
1
iω
〈
Jx(ω)Jx(−ω)
〉
, (6)
where e
2
~ is the quantum of conductance. The current-
current correlation function is highly constrained by con-
formal symmetry through the conformal Ward iden-
tity [59, 61].
We now compute the exact optical conductivity at the
NPDW tricritical point. Utilizing the R-symmetry of
N = 2 superconformal field theories in 2+1 dimensions,
one can find [60] that σ0(ω) =
5
4τRR
e2
~ , where σ0(ω) is
the optical conductivity at zero temperature and τRR
is the dimensionless coefficient of the two-point corre-
lation function of the R-current [43, 62–64]. Assuming
ω  Λ where Λ represents microscopic energy scales
above which quantum critical behavior ceases to exist,
the zero-temperature optical conductivity σ0(ω) = σ0
is a universal constant independent of frequency that
characterizes the universality class of the transition, just
like critical exponents [65]. In an N = 2 SUSY field
theory with only chiral superfields, τRR is given by an
integral that depends only on the R-charge of the chi-
ral superfields [59]. As mentioned before, owing to the
C3 rotational symmetry relating the three chiral super-
fields Φi, we obtain R(Φi) = 23 , i = 1, 2, 3. This is the
same as the R-charge of the chiral superfield in the Wess-
Zumino model [28]. As a result, τRR at the XYZ/SQED
fixed point is simply three times that in the Wess-Zumino
model, which was evaluated analytically in Ref. [60]. The
exact zero-temperature optical conductivity at the ne-
matic PDW tricritical point is thus given by
σ0(ω) =
15
243
(
16− 9
√
3
pi
)
e2
~
≈ 0.681e
2
~
, (7)
which may be tested in future experiments.
Other experimental signatures include various critical
exponents already mentioned such as the fermion/boson
anomalous dimension η = 13 , which is exact owing to
SUSY, and the correlation length exponent ν ≈ 0.75.
The exact value of η implies that the local electronic
density of states ρ(ω) scales as |ω|4/3 at low energies [16],
which can be measured by scanning tunneling microscopy
(STM).
Concluding remarks: We have shown that a novel
type of SUSY emerges at the nematic PDW tricritical
point on the surface of a correlated TI that hosts three
Dirac cones, like SmB6. At this tricritical point, the three
surface Dirac fermions and three complex bosons (corre-
sponding to PDW order parameter fluctuations) are de-
scribed by the so-called XYZ model, which is dual in the
low-energy and long-wavelength limit to a SUSY gauge
theory, N = 2 SQED. As such, our result also provides a
direct physical setting for the investigation of mirror sym-
metry in condensed matter systems [66–68]. This is an
area of increased recent activity [69, 70] owing to its con-
nection with a series of recently proposed dualities in 2+1
dimensions [71–78], with applications to a wide range of
problems in contemporary condensed matter physics such
as quantum spin liquids, topological phases, and the half-
filled Landau level.
We have also predicted various critical exponents and
the zero-temperature optical conductivity at the nematic
PDW tricritical point, which could be tested in future ex-
periments. If the SUSY proposed in the present paper is
realized in condensed matter systems, it would help to de-
termine various quantities nonperturbatively, such as the
critical exponent ν of SQED in 2+1 dimensions, which
are theoretically known only perturbatively (or numer-
ically by bootstrap calculations [79, 80]). We hope the
5present results will stimulate the theoretical and experi-
mental search for various types of emergent SUSY and,
more generally, emergent phenomena in condensed mat-
ter systems [81].
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SUPPLEMENTAL MATERIAL
A. Effective field theory at criticality
The kinetic part of the Lagrangian for surface Dirac fermions is Lf =
∑
i ψ
†
i (−iw + hfi )ψi, with hfi given by
hf1 = −vykyσx + vxkxσy, (S1)
hf2 =
[√
3
4
(vx − vy)kx −
(
3
4
vx +
1
4
vy
)
ky
]
σx +
[(
1
4
vx +
3
4
vy
)
kx +
√
3
4
(vy − vx)ky
]
σy, (S2)
hf3 =
[√
3
4
(vy − vx)kx −
(
3
4
vx +
1
4
vy
)
ky
]
σx +
[(
1
4
vx +
3
4
vy
)
kx +
√
3
4
(vx − vy)ky
]
σy, (S3)
where i = 1, 2, 3 represent three valleys at the momentum points (0,−1), (
√
3
2 ,
1
2 ), (−
√
3
2 ,
1
2 ) in units of
2
√
3pi
3a where a
is the lattice constant. vi are the two components of fermion velocity and σ
i are the Pauli matrices. hf1 is dictated
by the little group of ψ1, and h
f
2 , h
f
3 are obtained by the rotation operators Rˆ = e
−i 2pi3 Lˆ ⊗ e−i 2pi3 Sˆ ⊗ Λˆ, where
Lˆ, Sˆ, Λˆ≡
 0 1 00 0 1
1 0 0
 are generators in orbit, spin, and valley space, respectively.
The (pseudo-)spin-singlet pairing order parameter is φ∗ ∝ ψ(σy ⊗ λ)ψ, where ψ denotes (ψ1, ψ2, ψ3)T , while λ
Γ K
M
kx
ky
ψ1
ψ2ψ3
ϕ1p
ϕ3pϕ2p
ϕ3s ϕ2s
ϕ1s
●●
●
■■
■ ▲▲
▲
FIG. S1. The red circles stand for surface Dirac cones at time-reversal invariant points. Three green rectangles denote the
momenta for intervalley PDW pairing. Three blue triangles represent intravalley SC pairing. Note that SC pairing order has
zero crystal momentum.
7TABLE S1. Irreducible representations of C3v ×U(1) formed by the PDW order parameters, where w = ei2pi/3.
Representation U(1) singlet U(1) doublet
A1
∑
i |φi|2
∑
i φ
2
i
E
|φ1|2 + w|φ2|2 + w2|φ3|2 φ21 + wφ22 + w2φ23
|φ1|2 + w2|φ2|2 + w|φ3|2 φ21 + w2φ22 + wφ23
denotes valley pairing and satisfies λT = λ. Up to a phase, there are two possibilities for λ: intervalley pair-density-
wave (PDW) pairing,
λp1 =
 0 0 00 0 1
0 1 0
 , λp2 =
 0 0 10 0 0
1 0 0
 , λp3 =
 0 1 01 0 0
0 0 0
 , (S4)
and intravalley superconducting (SC) pairing,
λs1 =
 1 0 00 0 0
0 0 0
 , λs2 =
 0 0 00 1 0
0 0 0
 , λs3 =
 0 0 00 0 0
0 0 1
 . (S5)
These matrices form two distinct three-dimensional reducible representations of the three-fold rotational symmetry.
The coupling between Dirac fermions and bosonic order parameters is given by
Lfb =
∑
a,i
ga(φ
a
i ψσ
yλai ψ + h.c.), (S6)
where φa is the order parameter field and a = p, s denotes intervalley PDW pairing or intravalley SC pairing. Below,
we focus on intervalley PDW criticality and omit the superscript p for simplicity.
The symmetry that constrains the theory is C3v × U(1) × P × T , where P denotes translation symmetry and T
corresponds to time reversal symmetry. Each PDW order parameter possesses finite momentum of magnitude 2
√
3pi
3a
(Fig. S1). As a result, translationally invariant quadratic terms must have the form φ2i or |φi|2. These terms are further
decomposed into irreducible representations of C3v×U(1), as shown in Table S1. From Table S1, a symmetry-allowed
potential for the PDW field must have the form
Vb = r
∑
i
|φi|2 + u(|φ1|2|φ2|2 + c.p.) + u′[(φ∗21 φ22 + h.c.) + c.p.] + u′′
∑
i
|φi|4, (S7)
where r, u, u′, u′′ are constants, c.p. denotes cyclic permutations and h.c. indicates Hermitian conjugation. The
kinetic part of the boson Lagrangian is Kb =
∑
i φ
∗
i (w
2 + hbi )φi, with h
b
i given by
hb1 = c
2
xk
2
x + c
2
yk
2
y, (S8)
hb2 = c
2
x
(
−1
2
kx +
√
3
2
ky
)2
+ c2y
(
−
√
3
2
kx − 1
2
ky
)2
, (S9)
hb3 = c
2
x
(
−1
2
kx −
√
3
2
ky
)2
+ c2y
(√
3
2
kx − 1
2
ky
)2
, (S10)
where cx, cy are boson velocities, and h
b
2 and h
b
3 are obtained from h
b
1 by rotation.
B. Renormalization group analysis
Here, we perform a one-loop renormalization group (RG) analysis at PDW criticality. Fast modes are integrated
out to generate the flow equations. The interaction term in the action is
Sint =
∫
ddx
[∑
i
g(φiψσ
yλpiψ + h.c.) + u(|φ1|2|φ2|2 + c.p.) + u′[(φ∗21 φ22 + h.c.) + c.p.] + u′′
∑
i
|φi|4
]
. (S11)
8We assume that the velocity anisotropies δc≡cy−cx, δv≡vy−vx are small compared to vi or ci, i.e., |δc|, |δv|  ci, vi,
and perform calculations to leading order in the anisotropy. Feynman propagators for fermions and bosons are denoted
by Si(p) and Di(p), respectively. The fermion Σi(p) and boson Πi(p) self-energy renormalizations are given by
Σ1(p) = −1
2
× 2× g2
[∫
k
σy[−ST3 (k)]σyD2(k − p) + σy[−ST2 (k)]σyD3(k − p)
]
=
g2Λd−4l
(2pi)d
[( 8pi2
cx(cx + vx)2
− 16pi
2
3cx(cx + vx)3
δv − 8pi
2(3cx + vx)
3c2x(cx + vx)
3
δc
)
(−iw)
+
(
−8pi
2(2cx + vx)
3cx(cx + vx)2
+
2pi2(2c2x + 21cxvx + 7v
2
x)
15cxvx(cx + vx)3
δv +
8pi2(7c2x + 6cxvx + 2v
2
x)
15c2x(cx + vx)
3
δc
)
pyσ
x
+
(
8pi2(2cx + vx)
3cx(cx + vx)2
+
2pi2(2c2x − 3cxvx − v2x)
3cxvx(cx + vx)3
δv − 8pi
2
3(cx + vx)3
δc
)
pxσ
y
]
, (S12)
Π1(p) = −1
2
× 2× (−1)× g2
[∫
k
Tr[(σy)TST2 (k)σ
yS3(k + p)]
]
=
g2Λd−4l
(2pi)d
[(2pi2
v3x
− 2pi
2
v4x
δv
)
w2p +
(
2pi2
vx
+
pi2
v2x
δv
)
p2x +
(
2pi2
vx
− pi
2
v2x
δv
)
p2y
]
, (S13)
where
∫
k
≡ ∫ ddk
(2pi)d
, Tr stands for the trace in (pseudo-)spin space, Λ is an ultraviolet momentum cutoff, and l > 0
is the flow parameter. The self-energies for the other two valleys Σ2,3, Π2,3 are obtained in a similar way. The RG
equations for the velocities are given by
dvx
dl
=
g2
(2pi)d
(
16pi2(cx − vx)
3cx(cx + vx)2
+
2pi2(2c2x − 3cxvx + 7v2x)
3cxvx(cx + vx)3
δv − 8pi
2(c2x − 3cxvx − v2x)
3c2x(cx + vx)
3
δc
)
, (S14)
dcx
dl
=
g2
(2pi)d
(
pi2(v2x − c2x)
cxv3x
+
pi2(2c2x + v
2
x)
2cxv4x
δv
)
, (S15)
dδv
dl
=
g2
(2pi)d
(
−4pi
2(6c2x + 33cxvx + 31v
2
x)
15cxvx(cx + vx)3
δv − 16pi
2(c2x + 3cxvx + v
2
x)
15c2x(cx + vx)
3
δc+
16pi2
3cx(cx + vx)3
δv2 +
8pi2(3cx + vx)
3c2x(cx + vx)
3
δvδc
)
,
(S16)
dδc
dl
=
g2
(2pi)d
(
−pi
2(c2x + v
2
x)
c2xv
3
x
δc− pi
2
cxv2x
δv +
pi2(2c2x − v2x)
2c2xv
4
x
δvδc
)
. (S17)
By solving these equations, we find that there is a line of stable fixed points with vx = cx ≡ v, δv = δc= 0. The
linearized RG equations around the fixed point (v, v, 0, 0) read, in matrix form,
d
dl

vx
cx
δv
δc
 = pi2g2v3

− 43 43 12 1
2 −2 32 0
0 0 − 73 − 23
0 0 −1 −2


vx
cx
δv
δc
 . (S18)
The eigenvalues of the RG stability matrix at the fixed point are pi
2g2
v3 (− 103 ,−3,− 43 , 0). This means the perturbation
deviating from the fixed line is irrelevant, while the perturbation along the fixed line is marginal, corresponding to
the fact that the value of v is not universal. The fixed point thus has emergent Lorentz symmetry. In the following,
we set vx=vy=cx=cy=1 for simplicity, and the three propagators are equal, namely, Di(p)=D(p) and Si(p)=S(p)
for i= 1, 2, 3. Anomalous dimensions for the boson and fermion fields are given by ηφ = ηψ =
Ad−1
(2pi)d
pi
4 g
2, where Ad−1
is the area of a unit (d− 1)-sphere. The renormalization of the four-boson vertices is given below, where we work in
94− spacetime dimensions and use dimensional regularization:
V
(a)
b = −
1
2
∫
k
D(k)2
[
(6u2 + 32u′2 + 16uu′′)(|φ1|2|φ2|2 + c.p.) + (4u′2 + 8uu′ + 8u′u′′)[(φ∗21 φ22 + h.c.) + c.p.]
+(2u2 + 8u′2 + 20u′′2)(|φ1|4 + c.p.)
]
= −Ad−1Λ
d−4
(2pi)d
pi
4
[
(6u2 + 32u′2 + 16uu′′)(|φ1|2|φ2|2 + c.p.) + (4u′2 + 8uu′ + 8u′u′′)[(φ∗21 φ22 + h.c.) + c.p.]
+(2u2 + 8u′2 + 20u′′2)(|φ1|4 + c.p.)
]
, (S19)
V
(b)
b =
1
2
g4
∫
k
Tr[σyS(k)σyST (k)σyS(k)σyST (k)]
[
2(|φ1|2|φ2|2 + c.p.) + (|φ1|4 + c.p.)
]
=
Ad−1Λd−4
(2pi)d
pig4
2
[2(|φ1|2|φ2|2 + c.p.) + (|φ1|4 + c.p.)]. (S20)
Note that there is no renormalization of the fermion-boson vertex (S6).
Absorbing the vertex correction into the running coupling constants, the RG equations read
dg2
dl
= g2 − 3pi
2
g4, (S21)
du
dl
= u− pig2u+ pig4 − pi
2
(3u2 + 16u′2 + 8uu′′), (S22)
du′
dl
= u′ − pig2u′ − pi(u′2 + 2uu′ + 2u′u′′), (S23)
du′′
dl
= u′′ − pig2u′′ + pi
2
g4 − pi
2
(u2 + 4u′2 + 10u′′2), (S24)
where we have rescaled the coupling constants as g→ ( (2pi)dAd−1 )1/2g, ui→
(2pi)d
Ad−1
ui. After this rescaling, the anomalous
dimensions become ηφ = ηψ =
pi
4 g
2.
Since the flow equation for g2 decouples from the others, one can immediately determine that g∗2 = 23pi is a stable
fixed point. Solving the full set of RG equations, we find a fixed point with
(g2susy, ususy, u
′
susy, u
′′
susy) =
(
2
3pi
,
2
3pi
, 0, 0
)
, (S25)
corresponding to emergent SUSY of the XYZ model type (see Sec. C below). One obtains the linearized RG equations
in the main text by expanding the RG equations near the SUSY fixed point in 2+1 dimensions,
d
dl

δg2
δu
δu′
δu′′
 =

−1 0 0 0
2
3 − 53 0 − 83
0 0 −1 0
2
3 − 23 0 13


δg2
δu
δu′
δu′′
 , (S26)
where δg2, δui are deviations from the SUSY fixed point. Note that this fixed point corresponds to a tricritical point
and is unstable as explained in the main text. The critical exponent η at the SUSY fixed point is η = 2ηφ =

3 . Next,
we calculate the correlation length exponent ν ≡ ∆−1r at the SUSY fixed point. The one-loop contribution to the
mass term is
Π = 2u
∫
k
1
k2 + r
= − Ad−1
(2pi)d
piur, (S27)
where r is the boson mass. Thus ∆r = 2− 2ηφ − Ad−1(2pi)dpiu = 2−  and
ν =
1
2
+

4
+O(2). (S28)
From the RG equations, there is only one stable fixed point given by
(g2st, ust, u
′
st, u
′′
st) =
(
2
3pi
,
1 +
√
57
21pi
, 0,
1 +
√
57
42pi

)
, (S29)
10
where there is an emergent SO(6) symmetry in the boson potential. This can be seen from the fact that ust = 2u
′′
st,
and thus at the fixed point
Vb = 2u
′′
st(|φ1|2|φ2|2 + c.p.) + u′′st
∑
i
|φi|4 = u′′st
(
3∑
i=1
|φi|2
)2
. (S30)
C. The XYZ supersymmetric field theory
In this section, we simply introduce the supersymmetric XYZ model [27], and compare it to the N = 2 Wess-Zumino
model. The dotted convention is used [1]. A general chiral superfield is given by
Φ = φ+
√
2θψ + iθσµθ¯∂µφ+ θ
2f +
i√
2
θ2θ¯σ¯µ∂µψ − 1
4
θ2θ¯2∂µ∂µφ, (S31)
where φ is a complex boson, ψ is a two-component Dirac fermion, θ, θ¯ are Grassman-valued two-component spinors
and f is a complex scalar auxiliary field. We define σ0=−I with I the identity matrix, and σi are Pauli matrices.
Right- (left-)handed invariant tensors are defined as σµ = (σ0, ~σ) [σ¯ = (σ0,−~σ)]. Spinor indices are raised (lowered)
with the antisymmetric tensor εαβ (εαβ). A three-dimensional version of the invariant tensors is obtained by dimension
reduction. The kinetic part of the Lagrangian is obtained from the chiral superfields as
K =
∫
d2θ¯d2θ Φ¯Φ = |∂µφ|2 − iψ¯σ¯µ∂µψ + ff∗. (S32)
Interaction terms are obtained from the superpotential, which is also expressed in terms of the chiral superfields. The
massless N = 2 Wess-Zumino model (i.e., at the critical point r = 0) corresponds to the Φ3 superpotential,
V = −1
3
g
∫
d2θΦ3 + h.c. = −gφ2f + gφψ2 + h.c. (S33)
where g is a complex coupling constant in general. On the other hand, the superpotential for the XYZ model is given
by Φ1Φ2Φ3,
V = −g
∫
d2θΦ1Φ2Φ3 + h.c. = g[−(φ1φ2f3 + c.p.) + (φ1ψ2ψ3 + c.p.)] + h.c. (S34)
Integrating out the auxiliary fields f, f∗, the Wess-Zumino model becomes
LWZ = |∂µφ|2 − iψ¯σ¯µ∂µψ + g(φψ2 + φ∗ψ¯2)− |g|2|φ|4, (S35)
while the XYZ model becomes
LXYZ =
3∑
i=1
∫
d2θ¯d2θ Φ¯iΦi − g
(∫
d2θΦ1Φ2Φ3 + h.c.
)
(S36)
=
3∑
i=1
[|∂µφi|2 − iψ¯iσ¯µ∂µψi] + g[(φ1ψ2ψ3 + c.p.) + h.c.]− |g|2(|φ1|2|φ2|2 + c.p.), (S37)
which is precisely the form of our effective Lagrangian at the fixed point (S25), corresponding to the NPDW tricritical
point, if one sets g → ig.
D. Mirror symmetry: XYZ model and N = 2 SQED with Nf = 1
In this section we simply state the infrared duality in 2+1 dimensions between the XYZ model and N = 2 SQED
with two matter chiral multiplets (Q, Q˜) (referred to in the SUSY literature as a single flavor of matter fields,
Nf = 1). This duality is known as N = 2 mirror symmetry. For a more detailed discussion of mirror symmetry that
is nonetheless accessible to non-specialists, we direct the reader to Ref. [27, 67, 68].
The field content of N = 2 SQED with Nf = 1 is a vector multiplet V and two chiral multiplets Q and Q˜. The
vector multiplet plays the role of the gauge field in the usual particle-vortex duality, and contains a bosonic gauge
field Aµ, a real dynamical scalar field σ, a real auxiliary scalar field D, and a two-component fermionic gaugino λ.
11
The chiral multiplets are matter fields and contain each a complex scalar, a two-component Dirac fermion, and a
complex scalar auxiliary field (see Sec. C above). In the superfield formalism, the Lagrangian is given by
LSQED = 1
2g2
∫
d2θWαW
α + h.c. +
∫
d2θ¯d2θ
(
Q†e2VQ+ Q˜†e−2V Q˜
)
, (S38)
where Wα is the gaugino multiplet that can be generated from the vector multiplet by taking derivatives. The first
two terms are the SUSY analog of the Maxwell term, and read in component form
1
2g2
∫
d2θWαW
α + h.c. =
1
g2
(
−1
4
F 2µν +
1
2
(∂µσ)
2 − iλ¯/∂λ+ 1
2
D2
)
, (S39)
where g is the gauge coupling and Fµν = ∂µAν − ∂νAµ is the field strength. The last term in (S38) corresponds to
the SUSY analog of minimal coupling between the matter fields Q, Q˜ and the vector field V . The theory (S38) flows
in the infrared to a strongly coupled fixed point, which is the same fixed point as that of the dual Lagrangian [28]
Ldual =
∫
d2θ¯d2θ
(
V¯+V+ + V¯−V− + M¯M
)− g(∫ d2θMV+V− + h.c.) , (S40)
where M = QQ˜ and V± are three chiral superfields (V± originate from V ). Comparing with Eq. (S36), the dual
Lagrangian is identified with the XYZ model. Thus the XYZ model and N = 2 SQED with Nf = 1 have identical
low-energy/long-wavelength properties.
E. Exact evaluation of the zero-temperature optical conductivity
In this section, we follow the derivation in Ref. [60] closely to evaluate the transport properties at the tricritical
theory with the emergent SUSY of XYZ/SQED type. According to the Kubo formula, the longitudinal optical
conductivity is given by the current-current correlation function,
σ(ω) =
e2
~
1
iω
〈Jx(ω)Jx(−ω)〉, (S41)
where ω is frequency, e
2
~ is the conductivity quantum and Jx(ω) is the current operator at zero spatial momentum.
At the SUSY fixed point, the system respects conformal symmetry, which highly constrains the two-point function of
the U(1) current even in 2+1 dimensions [61]. We obtain
〈Jµ(x)Jν(0)〉 = CJ Iµν(x)
x2(d−1)
, (S42)
where µ, ν are space-time indices, d is the spacetime dimension, CJ is a positive coefficient, and Iµν(x) is defined as
Iµν(x) = δµν − 2xµxν
x2
. (S43)
In addition to conformal symmetry, the tricritical theory has emergent N = 2 SUSY. It has an additional R-
symmetry [1]. As a result the two-point function of the R-current is related to the two-point function of the U(1)
current by [59, 60] CJ =
5τRR
2pi2 , where τRR is the coefficient of the two-point function of the R-current.
Fourier transforming Eq. (S43) and using the R-symmetry, the zero-temperature optical conductivity is given
by σ0(ω) =
5
4τRR
e2
~ [60]. Note that it is independent of frequency owing to conformal symmetry [65]. The coefficient
τRR is a function of the R-charge of the chiral superfield [59],
τRR(RI) =
∑
I
2
pi2
∫ ∞
0
dx
[
(1−RI)
(
1
x2
− cosh(2x(1−RI))
sinh2 x
)
+
(sinh 2x− 2x) sinh(2x(1−RI))
2 sinh4 x
]
, (S44)
where RI ≡ R(ΦI) is the R-charge of the chiral superfield ΦI . In our case, owing to the C3 rotational symmetry
relating the three chiral superfields, we have
R1 = R2 = R3, (S45)
R1 +R2 +R3 = 2, (S46)
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hence R1 =R2 =R3 = 23 . As a result, τRR in the XYZ model is simply three times that of the Wess-Zumino model,
which is evaluated analytically in Ref. [60]. Thus we have τRR = 3× 4243 (16− 9
√
3
pi ) ≈ 0.545 and
σ0(ω) =
15
243
(
16− 9
√
3
pi
)
e2
~
≈ 0.681e
2
~
. (S47)
